Balanced regular coverings of a signed graph and regular branched orientable surface coverings over a non-orientable surface  by Kwak, Jin Ho et al.
Discrete Mathematics 275 (2004) 177–193
www.elsevier.com/locate/disc
Balanced regular coverings of a signed graph and
regular branched orientable surface coverings
over a non-orientable surface
J.H. Kwaka , Jaeun Leeb , Young-hee Shinb
aCombinatorial and Computational Mathematics Center, Pohang University of Science and Technology,
Pohang 790-784, South Korea
bMathematics, Yeungnam University, Kyongsan 712-749, South Korea
Received 14 March 2002; received in revised form 20 January 2003; accepted 7 February 2003
Abstract
The isomorphism classes of several types of graph coverings of a graph have been enumerated
by many authors. Kwak and Lee (Canad. J. Math. XLII (1990) 747; J. Graph Theory 23 (1996)
105) enumerated the isomorphism classes of n-fold graph coverings of a graph G. Similar works
for regular coverings of a graph can be found in (Discrete Math. 143 (1995) 87; J. Graph Theory
15 (1993) 621; Discrete Math. 148 (1996) 85; Math. Scand. 84 (1999) 23; SIAM J. Discrete
Math. 11 (1998) 273). Recently, Archdeacon et al. (Discrete Math. 214 (2000) 51) characterized
a bipartite covering of G and enumerated the isomorphism classes of regular 2p-fold bipartite
coverings of a non-bipartite graph. As a continuation of their study, we enumerate the isomor-
phism classes of regular balanced coverings of a signed graph and those of regular bipartite
coverings of a graph. Jones (Math. Scand. 84 (1999) 23) enumerated the equivalence classes of
the regular branched coverings of any given surface according to the degrees of branch points.
This enables us to count the isomorphism classes of the regular branched coverings of a surface.
But, it is not easy to derive a counting formula for the isomorphism classes of regular branched
orientable surface coverings of a non-orientable surface. As an application of the result, we
also enumerate the isomorphism classes of regular branched orientable surface coverings of a
non-orientable surface having a <nite abelian covering transformation group. It gives a partial
answer for the question raised by Liskovets (Acta Appl. Math. 52 (1998) 91).
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1. Introduction
Let G be a <nite connected graph with vertex set V (G) and edge set E(G). The
neighborhood of a vertex v∈V (G), denoted by N (v), is the set of vertices adjacent to
v. We use |X | for the cardinality of a set X . The number 	(G) = |E(G)| − |V (G)|+1
is equal to the number of independent cycles in G and it is referred to as the Betti
number of G.
A graph G˜ is called a covering of G with projection p : G˜ → G if there is a surjection
p :V (G˜)→ V (G) such that p|N (v˜) :N (v˜)→ N (v) is a bijection for all vertices v∈V (G)
and v˜∈p−1(v). We say that the projection p : G˜ → G is an n-fold covering of G if p
is n-to-one. A covering p : G˜ → G is said to be regular (simply, A-covering) if there
is a subgroup A of the automorphism group Aut(G˜) of G˜ acting freely on G˜ so that
the graph G is isomorphic to the quotient graph G˜=A, say h, and the quotient map
G˜ → G˜=A is the composition h ◦ p of p and h [10,11].
Two coverings pi : G˜i → G; i = 1; 2 are said to be isomorphic if there exists a
graph isomorphism  : G˜1 → G˜2 such that p1 =p2 ◦. Such a  is called a covering
isomorphism [4–8].
Every edge of a graph G give rise to a pair of oppositely directed edges. By
e−1 = vu, we mean the reverse edge to a directed edge e = uv. We denote the set
of directed edges of G by D(G). Let A be a <nite group. An ordinary voltage as-
signment (or, A-voltage assignment) of G is a function  :D(G) → A with the
property that (e−1)=(e)−1 for each e∈D(G). The values of  are called voltages,
and A is the voltage group. The ordinary derived graph G × A derived from an
ordinary voltage assignment  :D(G) → A has as its vertex set V (G) ×A and as
its edge set E(G) ×A, so that an edge (e; g) of G × A joins a vertex (u; g) to
(v; (e)g) for e=uv∈D(G) and g∈A. The <rst coordinate projection p :G×A→
G, also called the natural projection, commutes with the left multiplication action of
the (e) and right action of A on the <bers, which is free and transitive, so that p
is an |A|-fold regular covering, called simply an A-covering. Following Gross and
Tucker [2,3], every A-covering G˜ of a graph G can be derived from an A-voltage
assignment.
A signed graph is a pair G = (G; ) of a graph G and a function  :E(G) → Z2,
Z2 = {1;−1}. We call G the underlying graph of G and  the signing of G. An
edge e of G is said to be positive (resp. negative) if (e) = 1 (resp. (e) = −1). A
signed graph G is balanced if its vertex set can be partitioned into two parts such that
positive edges have ends in the same part, and negative edges have ends in diKerent
parts. Notice that a signed graph G is balanced if and only if every closed walk in
G contains even number of negative edges, i.e., the value
∏
e∈W (e) = 1 for every
closed walk W in G.
A graph map h :G → H′ between two signed graphs is a graph map between
their underlying graphs G and H which preserves the signing of each edge, i.e.,
′(h(e)) = (e) for each e∈E(G). A signed graph G˜˜ is called a covering of another
G with projection p : G˜˜ → G if p : G˜ → G is a covering and  ◦p= ˜. A covering
p : G˜˜ → G is said to be regular if p : G˜ → G is regular. Two coverings p : G˜˜ → G
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and p′ : G˜
′
˜
′ → G of a signed graph G are isomorphic if the corresponding coverings
p : G˜ → G and p′ : G˜′ → G of the graph G are isomorphic.
By a method similar to the construction of covering graphs in [2], one can see that
every regular covering of a signed graph can be described by a voltage assignment.
That is, for a covering p : G˜˜ → G, there exists an A-voltage assignment  of G such
that the derived covering p :G ×A→ G is isomorphic to p˜ : G˜ → G. We de<ne a
signing   :E(G×A)→ {−1; 1} by  (eg) = (e) for each eg ∈E(G×A). Then,
the covering p : (G ×A)  → G is isomorphic to p : G˜˜ → G. For convenience,
let G×A stand for the signed graph (G×A)  . In Section 2, we discuss the enu-
meration of the regular balanced coverings when G is an unbalanced graph. In Section
3, we enumerate the balanced regular coverings of a signed graph. As an application
of our results, in Section 4, we enumerate the isomorphism classes of bipartite regular
coverings over a non-bipartite graph G and in Section 5, we obtain an enumeration
formula for the isomorphism classes of regular branched orientable covering surfaces
of a non-orientable surface having a <nite abelian covering transformation group.
2. Enumeration of balanced A-coverings
Let Iso(G;A) (resp., Isoc(G;A)) denote the number of non-isomorphic (resp., con-
nected) A-coverings of a graph G. Similarly, we de<ne Iso(G;A) and Isoc(G;A)
for signed ones, respectively. Notice that Iso(G;A) = Iso(G;A) and Isoc(G;A) =
Isoc(G;A) for any signing  on G. Let IsoBal(G;A) (resp. IsocBal(G;A)) denote
the number of non-isomorphic (resp. connected) balanced A-coverings of a signed
graph G. Let IsoR(G; n) denote the number of non-isomorphic regular n-fold cover-
ings of G [7]. Similarly, we de<ne IsocR(G; n), IsoBalR(G; n) and IsocBalR(G; n).
Notice that if G is balanced, then every covering of G is also balanced. Hence,
if G is balanced, then IsoBal(G; n) = Iso(G; n) = Iso(G; n) for any natural number n,
and IsoBal(G;A) = Iso(G;A) = Iso(G;A) for any <nite group A. These type of
equalities also hold for IsocBal; IsoBalR or IsocBalR when G is balanced. So, from now
on, we assume that G is unbalanced.
We observe that there are some analogous properties between the balancedness and
bipartiteness. For example, a graph is bipartite if and only if every cycle has an even
length, and analogously a signed graph is balanced if and only if every cycle contains
an even number of negative edges. Some of such properties are listed in Table 1.
Table 1
A relationship
Graph G Signed graph G
bipartiteness ↔ balancedness
even cycle ↔ balanced cycle
odd cycle ↔ unbalanced cycle
even subgroup ↔ balanced subgroup
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From the correspondence in Table 1, we can see that the enumeration method for
bipartite coverings of a graph in [1] can be applied to derive the following enumeration
formulae for the balanced coverings of a signed graph.
Theorem 1. Let G be an unbalanced graph. Then, for any natural number n, we
have
IsoBalR(G; n) =
∑
2d|n
IsocBalR(G; 2d);
IsocBalR(G; n) =
∑
A
IsocBalR(G;A);
where A runs over all representatives of isomorphism classes of groups of order n
and the summation over the empty index set is de7ned to be 0.
Theorem 2. Let G be an unbalanced graph. Then, for any 7nite group A, we have
IsoBal(G;A) =
∑
S
IsocBal(G;S);
where S runs over all representatives of isomorphism classes of even order subgroups
of A and the summation over the empty index set is de7ned to be 0.
Now, to enumerate balanced regular coverings of an unbalanced graph, we need to
enumerate the number IsocBal(G;A) for any <nite group A. Let S1 and S2 be two
subgroups of A. We say S1 and S2 are equivalent if there exists an automorphism 
in Aut(A) such that (S1)=S2. For a subgroup S of A, let Aut(A;S) denote the
group of all automorphisms  of A such that (S)=S. For an A-voltage assignment
 of G, let A (resp. Abal) denote the set of net -voltages of closed walks (resp.
balanced closed walks) in G. Notice that A and Abal are subgroups of the voltage
group A. For a <xed spanning tree T of G, and let B(G; (A;S)) = { |(T ) =
id; A =A;Abal =S}. It is not hard to show that for an unbalanced graph G and
an A-voltage assignment , the derived covering G ×A is connected and balanced
if and only if  belong to the set B(G; (A;S)) for a subgroup S of index 2 in A.
Theorem 3. For any 7nite group A,
IsocBal(G;A) =
∑
S
|B(G; (A;S))|
|Aut(A;S)| :=
∑
S
IsocBal(G; (A;S));
where S runs over all representatives of equivalence classes of subgroups of index 2
in A and the summation over the empty index set is de7ned to be 0.
To complete the computation, we need a computational formula for
IsocBal(G; (A;S)) =
|B(G; (A;S))|
|Aut(A;S)| ;
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where S is a subgroup of index 2 in A. For convenience, let H (G; (A;S)) =
{ |(T ) = id;A ∩ S 
= A;Abal ⊂ S}. A subgroup K of A is said to be a
subgroup of the pair (A;S) if K∩S 
=K, denoted by K6 (A;S). It comes from
MMobius inversion that
|B(G; (A;S))|=
∑
K6(A;S)
(K) |H (G; (K;K ∩S))|;
where  is the M:obius function for a group A, which assigns an integer (K) to
each subgroup K of A by the recursive formula
∑
H¿K
(H) = K;A =
{
1 if K=A;
0 if K¡A:
Let T be a <xed spanning tree of G. An edge e in E(G)−E(T ) is said to be unbalanced
(resp., balanced) if T + e has an unbalanced (resp., balanced) cycle. Let 	unb(G; T )
and 	bal(G; T ) be the number of unbalanced and balanced edges in E(G) − E(T ),
respectively. Then, 	(G) = 	bal(G; T ) + 	unb(G; T ). Notice that ∈B(G; (A;S)) if
and only if (e±1)∈S for each balanced edge e∈E(G)−E(T ); (e±1)∈A−S for
each unbalanced edge e∈E(G)−E(T ) and A=A. For a subgroup S of index 2 in
A and K6 (A;S), it is clear that K ∩S is a subgroup of index 2 in K. Now, it
follows from de<nition of H (G; (K;K∩S)) that ∈H (G; (K;K∩S)) if and only
if (e±1)∈K∩S for each balanced edge e∈E(G)−E(T ) and (e±1)∈K−(K∩S)
for each unbalanced edge e∈E(G)− E(T ). Hence, we have
|H (G; (K;K ∩S))|= |K ∩S|	bal(G;T )|K− (K ∩S)|	unb(G;T ) =
( |K|
2
)	(G)
:
Now, Theorem 3 can be rephrased as follows.
Theorem 4. For any 7nite group A,
IsocBal(G;A) =
∑
S
1
|Aut(A;S)|
∑
K6(A;S)
(K)
( |K|
2
)	(G)
;
where S runs over all representatives of equivalence classes of subgroups of index 2
in A and the summation over the empty index set is de7ned to be 0.
Remark. The number of non-isomorphic balanced regular coverings of a signed graph
depends on only the Betti number of the underlying graph.
For a natural number n, let Zn be the cyclic group of order n and let Dn be the
dihedral group of order 2n. As an illustration of our results, we enumerate balanced
Zn-coverings for any even n or Dn-coverings of a signed graph for any n.
Example 1. The subgroups of a cyclic group Zn are those of Zm with m|n. For a
subgroupK of Zn; K6 (Zn;Zn=2) if and only ifK is Zm with n=m is odd. Moreover,
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(Zm) = (n=m) and |Aut(Zn;Zn=2)| = (n) (Euler -function) for any n. Now, by
applying Theorem 4, we have
IsocBal(G;Zn) =
∑
m;n=m:odd
1
(n)

( n
m
)(m
2
)	(G)
for any even n. We also notice that a subgroup of Dn is isomorphic to Zm or Dm for
some m|n. If n is odd, then there is only one subgroup of index 2 of Dn which is
Zn, and if n is even, there are two equivalence classes of subgroups of index 2; the
subgroup Zn itself and the other consisting of two subgroups that are isomorphic to
Dn=2, say S1 and S2. For any n, a subgroup K of Dn is a subgroup of (Dn;Zn) if
and only if K is a subgroup of type Dm with m|n. Moreover, the number of such
subgroups is n=m; |Aut(Dn; Zn)|= n(n), and (Dm) = (n=m) in the lattice of such
subgroups. It follows Theorem 4 that
IsocBal(G; (Dn;Zn)) =
∑
m|n
1
(n)

( n
m
)
m	(G)−1
for any n. For even n, a subgroup K of Dn is a subgroup of (Dn;S1)= (Dn;Dn=2) if
and only if K is a subgroup of type Zm, a subgroup of type Dm for some m|n with
n=m is odd, or a subgroup of type Dm of S2 with n=m is even. Notice that if n=m is
odd there is only one subgroup of type Zm and there are n=m subgroups of type Dm,
and if n=m is even there are n=2m subgroups of type Dm. Moreover, by considering
the lattice structure of such subgroups, one can see that (Zm) = −(n=m)(n=m) and
(Dm) = (n=m). Notice that |Aut(Dn;Dn=2| = (n=2)(n). Now, it follows Theorem 4
that
IsocBal(G; (Dn;Dn=2)) = (2	(G)−1 − 1)
∑
m;n=m:odd
1
(n)

( n
m
)(m
2
)	(G)−1
+
∑
m|n
1
(n)

( n
m
)
m	(G)−1
for any even n.
We observe that Theorem 4 is quite eNcient if the lattice structure of subgroups of
A is known. However, even thought A is abelian, it is not easy to use Theorem 4
for computing the number IsocBal(G;A) if the lattice structure of subgroups of A is
complicate.
3. Enumeration of balanced abelian coverings
In this section, when A is abelian, we shall give another enumerating formula for
IsocBal(G;A) which does not involve the lattice structure of its subgroups. To do
this, we start with the following lemma.
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Lemma 1. Let A and B be any two 7nite groups. If |A| is even and |B| is odd,
then
IsocBal(G;A⊕B) = IsocBal(G;A)Isoc(G;B):
Proof. It is not hard to show that every subgroup of index 2 in A⊕B is of the form
S⊕B for some subgroup S of index 2 in A. Now, let S⊕B be a subgroup of index 2
in A⊕B. Clearly, there is a one-to-one correspondence between B(G; (A⊕B;S⊕B))
and B(G; (A;S))×C(G;B), where C(G;B) denote the set of B-voltage assignments
 such that  is trivial on T and B =B. There is also a one-to-one correspondence
between Aut(A⊕B;S⊕B) and Aut(A;S)⊕Aut(B). Now, by Theorems 2 and 3,
we have
IsocBal(G;A⊕B) =
∑
S
|B(G; (A⊕B;S⊕B))|
|Aut(A⊕B;S⊕B)|
=
∑
S
|B(G; (A;S))‖C(G;B)|
|Aut(A;S)‖Aut(B)| ;
where S runs over all representatives of the equivalence classes of subgroups of index
2 in A. It is known in [8] that Isoc(G;B) = |C(G;B)|=|Aut(B)|. Hence, by Theorem
3, we have
IsocBal(G;A⊕B) =
(∑
S
|B(G; (A;S))|
|Aut(A;S)|
)
Isoc(G;B)
= IsocBal(G;A)Isoc(G;B):
Let A be a <nite abelian group and let Ae be the 2-primary component of A,
i.e., Ae is the subgroup consists of all elements of A whose orders are powers of 2.
Notice that the quotient group A=Ae is an abelian group of odd order. The following
comes from Lemma 1.
Corollary 1. Let A be a 7nite abelian group and let Ae be the 2-primary component
of A. Then
IsocBal(G;A) = IsocBal(G;Ae)Isoc(G;A=Ae):
Note that any <nite abelian group A is isomorphic to a direct sum of cyclic groups
of order powers of prime numbers. For convenience, let mA denote the direct sum
of m copies of a group A. For an abelian group A, the number Isoc(G;A) was
computed in [8].
Theorem 5 (Kwak et al. [8]). (1) For any two 7nite groups A and B with (|A|;
|B|) = 1,
Isoc(G;A⊕B) = Isoc(G;A)Isoc(G;B);
Iso(G;A⊕B) = Iso(G;A)Iso(G;B):
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(2) Let m1; : : : ; m‘ and s1; : : : ; s‘ be natural numbers with s‘ ¡ · · ·¡s1. Then, the
number of non-isomorphic connected ⊕‘h=1 mhZpsh -coverings of G is
Isoc
(
G;
‘⊕
h=1
mhZpsh
)
= pf(	(G);mi ; si)
∏m
i=1 p
	(G)−i+1 − 1∏‘
j=1
∏mj
h=1 (p
mj−h+1 − 1)
;
where m= m1 + · · ·+ m‘ and p is prime and
f(	(G); mi; si)=(	(G)−m)
(
‘∑
i=1
mi(si−1)
)
+
‘−1∑
i=1
mi

 ‘∑
j=i+1
mj(si− sj−1)

 :
Note. From Corollary 1 and Theorem 5, one can see that
IsocBal(G;Zn) = IsocBal(G;Z2k ) Isoc(G;Zpm11 ···pm‘‘ )
= 2(	(G)−1)(k−1)
‘∏
i=1
p(	(G)−1)(mi−1)i
p	(G)i − 1
pi − 1
for any n = 2kpm11 · · ·pm‘‘ , where p1; : : : ; p‘ are odd primes. We observe that this
enumeration formula is more explicit than that of Example 1.
Now, to compute the number IsocBal(G;A) for any abelian group A, it is enough
to do it for only abelian 2-groups A, by Corollary 1. Let A= m1Z2s1 ⊕ · · · ⊕ m‘Z2s‘
for some natural numbers m1; : : : ; m‘ and s1; : : : ; s‘ with s‘ ¡ · · ·¡s1. For each i =
1; 2; : : : ; ‘, let Si = m1Z2s1 ⊕ · · · ⊕ ((mi − 1)Z2si ⊕ Z2si−1 ) ⊕ · · · ⊕ m‘Z2s‘ , i.e., Si is
the subgroup obtained by replacing miZ2si with (mi − 1)Z2si ⊕ Z2si−1 . Then, these are
subgroups of index 2 in A, and Si and Sj are non-equivalent for 16 i 
= j6 n. By
a simple observation, we can get the following lemma.
Lemma 2. Let A = m1Z2s1 ⊕ · · · ⊕ m‘Z2s‘ for some natural numbers m1; : : : ; m‘ and
s1; : : : ; s‘ with s‘ ¡ · · ·¡s1. Then, there are exactly ‘ non-equivalent subgroups of
index 2 in A, and S1;S2; : : : ;S‘ are all lists of representatives of them.
To compute IsocBal(G;A) for A=m1Z2s1 ⊕ · · · ⊕m‘Z2s‘ , we need to compute the
numbers |B(G; (A;Si))| and |Aut(A;Si)| for each i=1; 2; : : : ; ‘. We observe that for
a <xed spanning tree T of G, every element  in B(G; (A;S)) can be identi<ed with
a 	(G)-tuple (g1; : : : ; g	(G)) such that gi ∈S for i = 1; : : : ; 	bal(G; T ); gi ∈A −S for
i=	bal(G; T )+1; : : : ; 	(G), and g1; : : : ; g	(G) generate A. Let g1; g2; : : : ; gn be n elements
in A, and let gi=(gi1; gi2; : : : ; gi‘) for each i=1; 2; : : : ; n. Then, g1; : : : ; gn generate A if
and only if (2s1−1g11; 2s2−1g12; : : : ; 2s‘−1g1‘); : : : ; (2s1−1gn1; 2s2−1gn2; : : : ; 2s‘−1gn‘) gener-
ate (m1 +m2 + · · ·+m‘)Z2. Let g=(g1; g2; : : : ; g	(G)) be an element in B(G; (A;Sj)).
Then, 2sj−1gij = (a1; : : : ; ami−1; 0) for i = 1; : : : ; 	bal(G; T ); 2
sj−1gij = (a1; : : : ; ami−1; 1)
for i = 	bal(G; T ) + 1; : : : ; 	(G) and g1; : : : ; g	(G) generate A.
Now, by a simple observation, one can have the following.
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Lemma 3. Let A = m1Z2s1 ⊕ · · · ⊕ m‘Z2s‘ for some natural numbers m1; : : : ; m‘ and
s1; : : : ; s‘ with s‘ ¡ · · ·¡s1 and let Si =m1Z2s1 ⊕ · · · ⊕ ((mi − 1)Z2si ⊕Z2si−1 )⊕ · · · ⊕
m‘Z2s‘ for each j = 1; 2; : : : ; ‘. Then, for each j = 1; 2; : : : ; ‘, we have
(1) |B(G; (A;Sj))|= 2	(G)(mi(si−1)+···+m‘(s‘−1))+m(m−1)=2
∏m−1
i=1 (2
	(G)−i − 1),
(2) |Aut(⊕‘h=1 mhZ2sh ;Sj)| = pg(mi; si)(
∏
16i =j6‘
∏mi
h=1 (2
mi−h+1 − 1))(∏mj−1h=1 (2mj−h −
1)), where
g(mi; si)=m
(
‘∑
i=1
mi(si−1)
)
−
‘−1∑
i=1
mi
(
‘∑
k=i+1
mk(si− sk − 1)
)
+
m(m−1)
2
with m = m1 + · · · + m‘ and the product over the empty index set is de7ned to
be 1.
Now, the following comes from Theorem 3 and Lemmas 2 and 3.
Theorem 6. Let m1; : : : ; m‘ and s1; : : : ; s‘ be natural numbers with s‘ ¡ · · ·¡s1.
Then, the number of non-isomorphic connected balanced ⊕‘h=1 mhZ2sh -coverings of an
unbalanced graph G is
IsocBal
(
G :
‘⊕
h=1
mhZ2sh
)
=
‘∑
j=1
IsocBal
(
G;
(
‘⊕
h=1
mhZ2sh ;Sj
))
and for each j = 1; : : : ; ‘,
IsocBal
(
G;
(
‘⊕
h=1
mhZ2sh ;Sj
))
=2f(	(G);mi ; si)
∏m−1
k=1 2
	(G)−k − 1
(
∏
16i =j6‘
∏mi
h=1 (2
mi−h+1 − 1))(∏mj−1h=1 (2mj−h − 1)) ;
where
f(	(G); mi; si) = (	(G)− m)
(
‘∑
i=1
mi(si − 1)
)
+
‘−1∑
i=1
mi
(
‘∑
k=i+1
mk(si − sk − 1)
)
with m=m1 + · · ·+m‘ and the product over the empty index set is de7ned to be 1.
As an illustration of our results, we enumerate 4p-fold balanced abelian coverings
of a signed graph when p is an odd prime.
Example 2. Let A(G; n) be the number of non-isomorphic n-fold balanced abelian
coverings of a signed graph G. Then, it follows Theorems 1, 2, 3, 6 and the counting
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results in [8] that
A(G; 4p)
=IsocBal(G; 2Z2 ⊕ Zp) + IsocBal(G;Z4 ⊕ Zp) + IsocBal(G;Z2 ⊕ Zp)
+ IsocBal(G;Z2 ⊕ Z2) + IsocBal(G;Z4) + IsocBal(G;Z2)
=
(
IsocBal(G; 2Z2) + IsocBal(G;Z4) + IsocBal(G;Z2)
) (
IsocR(G;Zp) + 1
)
=2	(G)
p	(G) + p− 2
p− 1 :
4. Applications to bipartite coverings
As a direct application of our results, we can compute the number IsoB(G;A) of
the isomorphism classes of bipartite A-coverings over a non-bipartite graph G for any
<nite group A.
Let G be a graph and let ) :E(G)→ {1;−1} be a signing de<ned by )(e) =−1 for
all e∈E(G). Then, G is bipartite if and only if G) is balanced. Hence, we have the
following.
Corollary 2. Let G be a connected graph. Then, we have
IsocB(G; n) = IsocBal(G); n) and IsocBR(G; n) = IsocBalR(G); n);
and hence
IsoB(G; n) = IsoBal(G); n) and IsoBR(G; n) = IsoBalR(G); n)
for any natural number n. Moreover,
IsoB(G;A) = IsoBal(G);A)
for any 7nite group A.
Combining Theorems 45, and Corollary 2, one can enumerate explicitly the non-
isomorphic bipartite A-coverings over a graph for any <nite (abelian) group A.
5. Applications to branched surface coverings
For a <nite group A, Jones [7] enumerated the equivalence classes of the branched
A-coverings of any given surface according to the degrees of branch points. This
enables us to count the isomorphism classes of the branched A-coverings of a
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surface for any <nite group A. But, it is not easy to derive a counting formula for the
isomorphism classes of branched orientable A-coverings of a non-orientable surface.
In this section, with an aid of the enumeration formula for the connected regular
balanced coverings of a signed graph, we count the isomorphism classes of branched
orientable surface coverings of a non-orientable surface. It gives a partial answer for
the following question raised by Liskovets [12]: Count unrami<ed orientable coverings
of a non-orientable surface.
A surface S is a compact connected 2-manifold without boundary. A continuous
function p : S˜→ S from a surface S˜ onto another S is called a branched covering if
there exists a <nite set B in S such that the restriction of p to S˜−p−1(B); p|S˜−p−1(B):
S˜−p−1(B)→ S−B, is a covering projection in a usual sense. The smallest subset B
of S which has this property is called the branch set. A branched covering p : S˜→ S
is regular if there exists a (<nite) group A which acts pseudofreely on S˜ so that the
surface S is homeomorphic to the quotient space S˜=A, say by h, and the quotient
map S˜ → S˜=A is the composition h ◦ p of p and h. We call it simply a branched
A-covering. In this case, the group A becomes the covering transformation group of
the branched covering p : S˜→ S. Two branched coverings p : S˜→ S and q : S˜′ → S
are isomorphic if there exists a homeomorphism h : S˜→ S˜′ such that p= q ◦ h.
An embedding of a graph G into a surface S is a homeomorphism i :G → S of G
into S. If every component of S− i(G), called a region, is homeomorphic to an open
disk, then i :G → S is called a 2-cell embedding. A rotation system , for a graph G is
an assignment of a cycle permutation ,v on the neighborhood N (v)={e∈D(G) : ie=v}
to each v∈V (G). An embedding scheme (,; ) for a graph G consist of a rotation
scheme , and a signing , where  :E(G)→ {1;−1}.
Stahl [13] showed that every embedding scheme for a graph G determines a 2-cell
embedding of G into an orientable or non-orientable surface S, and every 2-cell em-
bedding of G into a surface S is determined by such a scheme. The sign (e) for an
edge e depends on the twistedness or untwistedness of the collar-neighborhood of the
edge e in a surface S.
If an embedding scheme (,; ) for a graph G determines a 2-cell embedding of
G into a surface S, then the orientability of S can be detected by looking at the
balanceness of cycles of G. In fact, S is orientable if and only if every cycle of G
is balanced.
Let i :G → S be a 2-cell embedding with the embedding scheme (,; ), and let
 :D(G)→A be a A-voltage assignment. The derived graph G×A has the derived
embedding scheme (,;  ), which is de<ned by (,)vg(eg)=(,v(e))g and 
(eg)=(e)
for each eg ∈D(G ×A). Then, the embedding scheme (,;  ) determines a 2-cell
embedding i˜ :G × A → S of the derived graph G × A into a surface, say S.
Moreover, if G × A is connected, then S is connected. It is a fact [2] that the
surface S is a branched A-covering of the surface S, which is said to be induced
by an embedding i :G → S and an A-voltage assignment  :D(G)→A. It is known
[2] that every branched A-covering of a surface is isomorphic to a surface branched
covering induced by a suitable 2-cell embedding of a graph with suitable A-voltage
assignment on it.
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Let Nk be a non-orientable surface with k crosscaps, and let Bm denote the graph
consisting of one vertex and m self-loops, say ‘1; : : : ; ‘m. We call it the bouquet of m
circles or simply, a bouquet.
As in [9], we take the standard embedding Bb+k ,→ Nk−B of the bouquet Bb+k into
the non-orientable surface Nk , where B is a b-subset of Nk as follows: An embedding
scheme (,; ) for the standard embedding Bk+b ,→ Nk − B is de<ned by
,v = (‘1 ‘−11 ‘2 ‘
−1
2 · · · ‘k+b ‘−1k+b);
where v is the vertex of the bouquet Bk+b, and
(‘s) =
{−1 if s= 1; 2; : : : ; k;
1 if s= k + 1; k + 2; : : : ; k + b:
For example, we consider the standard embedding B3 ,→ N2−B with one branch point
set B; its embedding scheme is given by ,v =(‘1‘−11 ‘2‘
−1
2 ‘3‘
−1
3 ); (‘1)= (‘2)=−1
and (‘3)=1 (see Fig. 1). Note that the loops ‘1 and ‘2 are embedded as the polygonal
boundary in the polygonal representation of the Klein bottle N2, which are corresponded
to the center lines of two MMobius bands attached to the sphere with 2 holes to make
2 crosscaps in the Klein bottle.
Let A be a <nite group and let S be subgroup of index 2 in A. For a b-subset B
of Nk , let B((Bb+k ; ) ,→ Nk −B; (A;S)) denote the set of A-voltage assignments 
of (Bb+k ; ) which satisfy the following two conditions:
(a) (‘1); : : : ; (‘k)∈A −S; (‘k+1); : : : ; (‘k+b)∈S, and (‘1); : : : ; (‘b+k) gen-
erate the group A,
(b) (‘i) 
= idA for each i = k + 1; : : : ; k + b and
k∏
i=1
(‘i)(‘i)
|B|∏
i=1
(‘k+i) = 1:
Then, B((Bb+k ; ) ,→ Nk−B; (A;S)) contains all representatives of balanced coverings
of (Bb+k ; ) corresponding to the standard embedding of Bb+k into Nk with balanced
subgroup S. Hence,
⋃
S B((Bb+k ; ) ,→ Nk − B; (A;S)) contains all representatives
of branched orientable surface coverings of the non-orientable surface Nk with branch
Fig. 1. An embedding scheme for B3 ,→ N2 − B.
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set B, where S runs over all representatives of non-equivalent subgroups of index 2
in A. We summarize our discussions as follows.
Theorem 7. Let Nk be a non-orientable surface and let B be b-subset of Nk . Then,
we have the following:
(1) The number of non-isomorphic connected branched orientable A-coverings of Nk
with branch set B is
IsocO(Nk; B;A) =
∑
S
|B((Bb+k ; ) ,→ Nk − B; (A;S))|
|Aut(A;S)|
:=
∑
S
IsocO(Nk; B; (A;S));
where S runs over all representatives of non-equivalent subgroups of index 2
in A.
(2) The number of non-isomorphic n-fold connected regular branched orientable cov-
erings of Nk with branch set B is
IsocRO(Nk; B; n) =
∑
A
IsocO(Nk; B;A);
where A runs over all representatives of isomorphism classes of groups of
order n.
Applying the principle of inclusion and exclusion on condition (b), one can have
the following lemma.
Lemma 4. Let k ¿ 0 and b¿ 0 be integers, and let A be a group with a subgroup
S of index 2. Then,
|B((Bb+k ; ) ,→ Nk − B; (A;S))|
=
b−1∑
t=0
(−1)t
(
b
t
)
|B((Bk+b−t−1; ); (A;S))|
+(−1)b|B((Bk ; ) ,→ Nk ; (A;S))|
and
IsocO(Nk; B;A) =
∑
S
b−1∑
t=0
(−1)t
(
b
t
)
IsocBal((Bk+b−t−1; ); (A;S))
+(−1)bIsocO(Nk; ∅; (A;S));
where S runs over all representatives of non-equivalent subgroups of index 2 in A
and  is a signing on the bouquet such that (‘s) =−1 if and only if s6 k.
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Now, we are ready to compute the number IsocO(Nk; B;A) for any <nite abelian
group A. First, we compute the number IsocO(Nk; ∅; (A;S)) with B=∅. For an abelian
group A, by a method similar to the proof of Lemma 1, one can see that
IsocO(Nk; ∅; (A;S)) = Isoc(Bk−1;A=Ae) IsocO(Nk; ∅; (Ae;Ae ∩S));
where Ae is the 2-primary component of A. So, to complete the computation, we
need to compute the number IsocO(Nk; ∅; (A;S)) for a 2-group A, say A=m1Z2s1 ⊕
· · · ⊕ m‘Z2s‘ for some natural numbers m1; : : : ; m‘ and s1; : : : ; s‘ with s‘ ¡ · · ·¡s1.
Notice that B((Bk ; ) ,→ Nk ; (A;S)) is equal to the set of k-tuples (g1; : : : ; gk) with
the properties that {g1; : : : ; gk} is a subset of A −S; {g1; : : : ; gk} generates A, and
(g1)2 · · · (gk)2 = 1. It is not hard to show that there is a one-to-one correspondence
between B((Bk ; ) ,→ Nk ; (A;S)) and the set of k-tuples (g1; : : : ; gk) with the prop-
erties that {g1; : : : ; gk−1} is a subset of A − S; (gk)2 = 1 such that gk ∈S (resp.
gk ∈A−S) if k is even (resp. if k is odd), and {g1; : : : ; gk} generates A.
If s‘ 
= 1 and k is odd, then for each j = 1; : : : ; ‘; B((Bk ; ) ,→ Nk ; (A;Sj)) is the
empty set and hence for each j = 1; : : : ; ‘; IsocO(Nk; ∅; (A;Sj)) = 0.
If s‘ 
= 1 and k is even, then for each j = 1; : : : ; ‘; |B((Bk ; ) ,→ Nk ; (A;Sj))| =
2m|B((Bk−1; ); (A;Sj))| and hence for each j = 1; : : : ; ‘,
IsocO(Nk; ∅; (A;Sj)) = 2m IsocBal((Bk−1; ); (A;Sj));
where m= m1 + · · ·+ m‘.
If s‘ = 1 and k is odd, then for each j = 1; : : : ; ‘− 1; B((Bk ; ) ,→ Nk ; (A;Sj)) is
the empty set, and
|B((Bk ; ) ,→ Nk ; (A;S‘))|= 2
k−1 − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
|B((Bk ; ); (A;S‘))|:
Moreover, if m¡k
|B((Bk ; ) ,→ Nk ; (A;S‘))|= 2
k−1 − 2m−m‘
(2k−m − 1) |B((Bk−1; ); (A;S‘))|:
If s‘ = 1 and k is even, then for each j = 1; : : : ; ‘ − 1,
|B((Bk ; ) ,→ Nk ; (A;Sj))|= 2
k − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
|B((Bk ; ); (A;Sj))|:
Moreover, if m¡k
|B((Bk ; ) ,→ Nk ; (A;Sj))|= 2
k − 2m−m‘
(2k−m − 1) |B((Bk−1; ); (A;Sj))|:
For j = ‘,
|B((Bk ; ) ,→ Nk ; (A;S‘))|= 2
k−1 − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
|B((Bk ; ); (A;S‘))|:
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Moreover, if m¡k
|B((Bk ; ) ,→ Nk ; (A;S‘))|= 2
k−1 − 2m−m‘
(2k−m − 1) |B((Bk−1; ); (A;S‘))|:
We summarize our discussions as follows.
Theorem 8. Let A be an abelian group isomorphic to m1Z2s1 ⊕· · ·⊕m‘Z2s‘ for some
natural numbers m1; : : : ; m‘ and s1; : : : ; s‘ with s‘ ¡ · · ·¡s1 and let m=m1 + · · ·+m‘.
Then, we have the following:
(a) If s‘ 
= 1, then for each j = 1; 2; : : : ; ‘,
IsocO(Nk; ∅; (A;Sj)) =
{
0 if k is odd;
2m IsocBal((Bk−1; ); (A;Sj)) if k is even:
(b) If s‘ = 1 and k is odd, then
IsocO(Nk; ∅; (A;Sj))
=


0 if j = 1; 2; : : : ; ‘ − 1;
2k−1 − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
IsocBal((Bk ; ); (A;S‘)) if j = ‘:
Moreover, if m¡k, then
2k−1 − 2m−m‘
(2k−m − 1) Isoc
Bal((Bk−1; ); (A;S‘));
where m= m1 + · · ·+ m‘.
In particular, if m= m‘, then
IsocO(Nk; ∅; (A;S‘)) = IsocBal((Bk ; ); (A;S‘)):
(c) If s‘ = 1 and k is even, then
IsocO(Nk; ∅; (A;Sj))
=


2k − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
IsocBal((Bk ; ); (A;Sj)) if j = 1; 2; : : : ; ‘ − 1;
2k−1 − 2m−m‘
(2k−1 − 1)2
∑‘−1
i=1 mi(si−1)
IsocBal((Bk ; ); (A;S‘)) if j = ‘:
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Table 2
IsocO(Nk ; ∅;A)
n A N1 N2 N3 N4
2 Z2 1 1 1 1
4 Z22 0 2 0 8
2Z2 0 1 3 7
6 Z2 ⊕ Z3 1 4 13 40
8 Z23 0 2 0 32
Z22 ⊕ Z2 0 1 2 40
3Z2 0 0 3 21
10 Z2 ⊕ Z5 1 6 31 624
12 Z22 ⊕ Z3 0 2 0 208
2Z2 ⊕ Z3 0 4 39 600
...
...
...
...
...
...
Moreover, if m¡k, then
IsocO(Nk; ∅; (A;Sj))
=


2k − 2m−m‘
(2k−m − 1) Isoc
Bal((Bk−1; ); (A;Sj)) if j = 1; 2; : : : ; ‘ − 1;
2k−1 − 2m−m‘
(2k−m − 1) Isoc
Bal((Bk−1; ); (A;S‘)) if j = ‘;
where m= m1 + · · ·+ m‘.
In particular, if m= m‘, then
IsocO(Nk; ∅; (A;S‘)) = IsocBal((Bk ; ); (A;S‘)):
We end this paper with Table 2 counting the number of non-isomorphic n-fold
connected unbranched orientable A-coverings of various non-orientable surfaces Nk .
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